Published by Institute of Physics Publishing for SISSA Received: April 20, 2005 Revised: May 21, 2005 Accepted: May 30, 2005 Published: June 28, 2005

D3 brane action and fermion zero modes in presence of background flux

Prasanta K. Tripathy

Arnold-Sommerfeld-Center for Theoretical Physics, Department für Physik, Ludwig-Maximilians-Universität München Theresienstrasse 37, D-80333 München, Germany E-mail: prasanta@theorie.physik.uni-muenchen.de

Sandip P. Trivedi

Department of Theoretical Physics, Tata Institute of Fundamental Research Homi Bhabha Road, Mumbai 400 005, India E-mail: sandip@theory.tifr.res.in

Abstract: We derive the fermion bilinear terms in the world volume action for a D3 brane in the presence of background flux. In six-dimensional compactifications non-perturbative corrections to the superpotential can arise from an euclidean D3-brane instanton wrapping a divisor in the internal space. The bilinear terms give rise to fermion masses and are important in determining these corrections. We find that the three-form flux generically breaks a U(1) subgroup of the structure group of the normal bundle of the divisor. In an example of compactification on T^6/Z_2, twelve of the sixteen zero modes originally present are lifted by the flux.

Keywords: D-branes, Superstring Vacua.

©SISSA 2005 http://jhep.sissa.it/archive/papers/jhep062005066 /jhep062005066 .pdf

Contents

1. Introduction 1

2. Gauge completion 3 2.1 The dilaton superfield to O(θ^2) 5 2.2 B̂_{MN} to O(θ^2) 6 2.3 Final results 8

3. World volume action 9 3.1 The action 9 3.2 Some comments 11

4. T-duality and comparison with other results 13

5. An example 15 5.1 Euclidean continuation 15 5.2 The example 15 5.3 Discussion 17

6. Conclusions 19

A. Computational details 20 A.1 Supersymmetry transformations 21 A.2 Calculation for Ĉ_{MN} 21 A.3 Calculation for Ĉ_{MNP Q} 23 A.4 The supervierbein 25 A.5 T-duality 26 A.6 The mass matrix 27

1. Introduction

Flux compactifications have attracted considerable attention recently. They are of interest from the point of view of string cosmology, phenomenology, and the general study of string theory vacua with N ≤ 1 supersymmetry.

Much more needs to be done to understand these compactifications better. In particular it should be possible to understand the full superpotential, including non-perturbative corrections, for these compactifications in greater depth. The superpotential has already proved amazingly useful in the study of supersymmetric string theories and field theories. And we can hope that its study for flux compactifications will prove similarly rewarding.

– 1 –

An immediate motivation for our work is to understand KKLT [1] type compactifications better. These compactifications were first formulated in the context of IIB string theory of Calabi-Yau orientifolds or related F-theory compactifications. Here the nonperturbative corrections to the superpotential play a vital role in stabilising the Kahler moduli [2].

The study of non-perturbative corrections to the superpotential -in the closely related context of M-theory on a Calabi Yau fourfold - was pioneered by Witten [3]. He showed that non-perturbative corrections due to euclidean 5-branes wrapping divisors in the four-fold could arise if the divisor satisfied a particular topological criterion, namely its arithmetic genus was unity. In Witten’s analysis it was assumed that a particular U(1) symmetry, which is a subgroup of the structure group of the normal bundle to the divisor, was unbroken. The arithmetic genus is an index which counts the number of zero modes after grading by this symmetry. More recently, in [4], a class of non-perturbative corrections were studied in a IIB compactification on K3 × T^2/Z_2, This is related to M theory on K3 × K3. Evidence was found that in the presence of flux the U(1) symmetry mentioned above is broken. And it was argued that as a result non-perturbative corrections could arise even in situations where the arithmetic genus in not unity.

In this paper we consider a euclidean D3 brane wrapping a 4-cycle in a non-trivial background including flux. Using the method of gauge completion we calculate all the terms in the action of the D3 brane which are bilinear in fermions. These terms explicitly show that the U(1) symmetry of rotations normal to the 4-cycle is indeed broken in the presence of flux. As a result the zero mode counting will be altered in general and modes with the same U(1) charge can pair up and get heavy. In a particular example of IIB on an T^6/Z_2 orientifold we examine the resulting fermion zero modes. A non-perturbative correction to the superpotential requires two zero modes. Ignoring flux, there are sixteen zero modes. Including flux, we find for a large class of divisors that twelve of the sixteen zero modes are lifted. Although this still leaves four zero modes, which is too many for a correction to be possible, the example illustrates the “efficacy” of flux in lifting zero-modes.

This paper is only a first step towards a more complete understanding. One would like to use the results obtained here to understand the number of zero modes which arise more generally. And when the zero mode counting allows for a correction to the superpotential, calculate these corrections. These are interesting questions which we leave for the future.

We should also comment on some of the other relevant literature here. We use the method of gauge completion to determine the world volume theory for the D3 branes. This method is clearly discussed in the paper by [5, 6]. Our analysis very closely parallels the work by Grana [7]. The only difference is that we are interested in the more general situation where the D3 brane is not necessarily transverse to the compactified directions. Our results are in agreement after T-duality with those obtained for the D0 brane by [8]. This is a useful check on our work. The fermion bilinear terms for a Dp brane in a general background have in fact been obtained earlier in the significant papers by Marolf, Martucci and Silva, [10, 11]. Our results can be obtained as a gauge fixed version of their’s for the D3-brane case and agree. This constitues an important check on our results and methods. Finally, while we were working on this project, the paper by Kallosh and Sorokin [9]

– 2 – appeared which determined the fermion bilinear terms for an M 5-brane. Using duality this can be related to the action we calculate here. After identifying the relevant gauge conditions etc we have found substantial agreement.^1

This paper is planned as follows. The method of gauge completion, which we use to deduce the fermion bilinear terms, is first briefly explained in section 2. Following that we illustrate its use for some examples and then present the main results determining the superfields in IIB theory in terms of the component supergravity fields upto the required order. In section 3 we discuss the resulting D3 brane action. Our results are checked against those for a D0 brane using T-duality in section 4, we also comment on the agreement with other resulsts in the literature. In section 5 we discuss an example of a compactification on a T^6/Z_2 orientifold and calculate the resulting zero modes for a class of divisors. Last, but not least, are the six appendices which contain some of the important detailed calculations of the paper.

2. Gauge completion

The approach we will follow for constructing the world volume action of the D3 brane is straightforward. Given a IIB background in superspace the D3-brane action can be constructed by appropriately pulling back the background fields on to the brane world volume, as is explained in [12 – 16]. This action has the required supersymmetry and is also κ symmetric, for on-shell backgrounds. We are interested here in the D3-brane action in terms of the standard component fields of IIB supergravity. So we will first express the superfields of IIB theory in terms of the component supergravity fields by a process called “gauge completion”. Once this is done we use the construction mentioned above in terms of the superfields to obtain the required action.

The method of gauge completion is discussed in [5]. It was applied to the supermembrane in [6]. Our work will closely parallel the paper of Grana who used an identical strategy. The only difference is that [7] was interested in the case where the D3 brane is transverse to the compactified directions. We will be interested in obtaining the more general answer. Our primary interest is in applying these results to the case of a euclidean D3 brane which wraps a four cycle in the internal directions. In this section and the next two, where we construct the world volume action and compare our results with those obtained in the D0 brane case respectively, we will work in Minkowski space. The required transformations to go to euclidean space will be discussed in section 5 before we apply our results in an explicit example.

The idea behind gauge completion is to expand the superfields in terms of the fermionic coordinates, θ, and express each term in the expansion in terms of the component fields of supergravity. By the component fields here we mean the fields which appear in the usual discussion of IIB supergravity, for example, section 13, [17] and, [18]. For an on-shell background these satisfy the equations of motion of the IIB theory. To lowest order in the θ expansion of the superfields the component supergravity fields which appear are known.

1We thank R. Kallosh and D. Sorokin for discussions in this regard.

– 3 –

To go to higher orders one follows an iterative procedure. The idea is that superfields must transform as appropriate tensors under general bosonic and fermionic coordinate transformations in superspace. In particular this included supersymmetry transformations which are translations in the fermionic coordinates. Since the supersymmetry transformations for the component supergravity fields are known this allows us to express the higher order terms in the θ expansion in terms of the lower order ones. Obtaining an answer to all orders for a general background in this way is computationally quite non-trivial. Luckily, since we are only interested in terms which are bilinear in the fermions here, it will suffice to carry out this expansion upto second order in θ at most.

In this section we will first illustrate this procedure for the dilaton superfield, ϕ̂ and the NS-NS two-form superfield, B̂_{MN} and then present the results for the other superfields towards the end. The calculations are somewhat cumbersome and several details are presented in the appendix.

Let us begin by explaining our notation. We denote superspace coordinates by Z^M = (x^m, θ^μ ), which stand for the bosonic and fermionic components respectively. The indices {M, N, . . .} = {m, n, . . . , μ, ν, . . .} denote curved (super) coordinates where (m, n) denote Bosonic indices and (μ, ν) fermionic indices. Tangent space indices are given by {A, B, . . .} = {a, b, . . . , α, β, . . .}, with (a, b) denoting bosonic and (α, β) fermionic indices. We will use real 16 component Majorana-Weyl spinors, our conventions for the Gamma matrices are summarised in appendix A. The spinor indices α, β should be viewed as composite indices standing for the tensor product of a Majorana-Weyl index and an additional SO(2) index.

Our notation for the superfields is as follows. A generic superfield is represented by F̂_{MN···} (with a ‘ ^ ’ over the field). The dilaton superfield, whose lowest component is the dilaton, ϕ, is denoted by ϕ̂, the vierbein superfield by ê^A_M and similarly for B̂_{MN} , Ĉ, Ĉ_{MN} , Ĉ_{MNP Q} which denote the superfields containing the NS-NS two form, and the RR zero, two and four forms respectively.

Our conventions in superspace are the same as those in [19]. Derivatives with respect to θ are left derivative. Superspace differentials satisfy the property that dZ^M ∧ dZ^N = (−1)^{(1+MN)}dZ^N ∧ dZ^M , where MN = +1 when both M, N are fermionic, and zero otherwise. A differential two-form for example is given in terms of components by B̂ = dZN dZM B̂_{MN} , and so on.

Under a superspace diffeomorphism Z^M → Z^M + Σ^M (Z), the dilaton superfield ϕ̂ is a scalar and transforms as δϕ̂ = Σ^M ∂_M ϕ̂ . (2.1) The fields ê^A_M and B̂_{MN} transform as a vector and a two-index tensor respectively, δê^A_M = Σ^P ∂_P ê^A_M + ∂_M Σ^P ê^A_P δB̂_{MN} = Σ^P ∂_P B̂_{MN} + � ∂_M Σ^P B̂_{P N} − (−1)^{MN} ∂_N Σ^P B̂_{P M} � , (2.2)

and similarly for the RR superfields Ĉ, Ĉ_{MN} , Ĉ_{MNP Q}. We denote the action of a (super) local Lorentz transformation on the vierbein as, δê^A_M = Λ^A_Bê^B_M . (2.3)

– 4 –

There are additional gauge symmetries under which the the NS-NS two- form and the RR fields transform, these are superspace generalisations of the familiar gauge symmetries that act on the component supergravity fields. For example there is a gauge symmetry under which the B̂_{MN} transforms as,

δB̂_{MN} = ∂_M Σ^{(b)}_N − (−1)^{MN} ∂_N Σ^{(b)}_M , (2.4)

while the other fields are invariant. Similarly, there are gauge symmetries under which Ĉ_{MN} and Ĉ_{MNP Q} transform with gauge transformation parameters Σ^{(c)}_M and Σ^{(c)}_{MNP} respectively.

To zeroth order in θ we have the following identification of the superfields in terms of the component fields.

ϕ̂ = ϕ Ĉ = C ê^a_m = e^a_m ê^α_m = ψ_m^α ê^α_μ = δ_μ^α B̂_{mn} = B_{mn} Ĉ_{mn} = C_{mn} Ĉ_{mnpq} = C_{mnpq} , (2.5)

and all other fields are zero.

2.1 The dilaton superfield to O(θ^2)

We are now ready to illustrate how the procedure of gauge completion works. We will first examine the dilaton superfield ϕ̂. Consider a super-diffeomorphism which to lowest order in θ has components, Σ^m = 0 , Σ^α = ϵ^α . (2.6)

From eq. (2.1) we see that, to O(θ^0), ϕ̂ transforms under this super-diffeomorphism as

δϕ̂ = ϵ^α ∂_α ϕ̂ . (2.7)

Now since the lowest component of ϕ̂ is the dilaton, ϕ, we also know from the supersymmetry transformations of IIB supergravity fields (appendix A.1) that to this order,

δϕ̂ = δϕ =ϵ̄λ . (2.8)

Equating these two expressions tells us that to O(θ^1), ϕ̂ is given by

ϕ̂ = ϕ + θ̄λ . (2.9)

The components of super diffeomorphism we started with, eq. (2.6), are corrected at O(θ^1). We need to calculate these corrections as the first step in obtaining the O(θ^2) terms in ϕ̂. This can be done by relating the commutator of two supersymmetry transformations to translations.

– 5 –

Given two supersymmetry transformations with parameters ϵ^1, ϵ^2 it is straightforward to see that the dilaton transforms under their commutator by a translation,

(δ_1δ_2 − δ_2δ_1)ϕ = ξ^m∂_mϕ , (2.10)

where the translation parameter ξ^m is given by

ξ^m =ϵ̄_2Γ^mϵ_1 . (2.11)

On the other hand, from eq. (2.1) we see that the dilaton superfield under the commutator must transform as,

(δ_1δ_2 − δ_2δ_1)ϕ̂ = Σ^P_2 ∂_P Σ^M_1 ∂_M ϕ̂ − Σ^P_1 ∂_P Σ^M_2 ∂_M ϕ̂ . (2.12)

Requiring eq. (2.12) to agree with eq. (2.11) upto O(θ^0) allows us to obtain the O(θ^1) corrections to the super diffeomorphism, eq. (2.6).

We are interested in this paper in backgrounds where only bosonic supergravity fields acquire expectation values and not the fermionic fields ψ_μ and λ. With this in mind, from now on we will set terms depending on fermionic background fields to zero in the appropriate equations. To O(θ^1) one then finds that the components of the superdiffeomorphism are given by Σ^m = 1 2 θ̄Γ^mϵ , Σ^α = ϵ^α . (2.13)

Actually, the general solution for Σ^M involves certain undetermined θ independent tensors. However, as explained elaborately in [6], by a redefinition of the superspace coordinates we can set them to zero resulting in eq. (2.13).

The O(θ^2) terms in the dilaton superfield, ϕ̂ can now be obtained by matching eq. (2.1) with

δϕ̂ = δϕ + θ̄δλ . (2.14)

Using the expression for δλ as given in the appendix A.1, we find

ϕ̂ = ϕ + θ̄λ − 1 48 θ̄Γ^{mnp}σ^3θH_{mnp} − 1 4 e^ϕ θ̄Γ^m(iσ^2)θF_m − 1 48 e^ϕ θ̄Γ^{mnp}σ^1θF_{mnp} . (2.15)

2.2 B̂_{MN} to O(θ^2)

We now turn to the NS-NS two-form superfield B̂_{MN} . The only new twist here is that we will need to include a suitable gauge transformation, eq. (2.4), with the coordinate transformation, eq. (2.13), to determine the θ expansion in this case.

To understand this let us first calculate the commutator of two supersymmetry transformations, with parameters, ϵ^1, ϵ^2 on the component supergravity field B_{mn}. Using the susy transformation rules given in the appendix A.1,

δ_1δ_2B_{mn} =ϵ̄_2σ^3 (Γ_mδ_1ψ_n − Γ_nδ_1ψ_m) , (2.16)

– 6 – we find that

(δ_1δ_2 − δ_2δ_1)B_{mn} = − � ∂_m(ϵ̄_2σ^3Γ_nϵ_1) − ∂_n(ϵ̄_2σ^3Γ_mϵ_1) � +ϵ̄_2Γ^pϵ_1H_{mnp} = ξ^p∂_pB_{mn} + ∂_mξ^pB_{pn} − ∂_nξ^pB_{pm} + ∂_mξ^{12(b)}_n − ∂_nξ^{12(b)}_m . (2.17)

The second line on the r.h.s. is the transformation of B_{mn} under a combined translation by ξ^m and a gauge transformation with parameter ξ^{12(b)}_n . One finds that this equation can be met if ξ^n is given by eq. (2.11), and the gauge transformation parameter is,

ξ^{12(b)}_m = ξ^nB_{mn} −ϵ̄_2σ^3Γ_mϵ_1 . (2.18)

In terms of superfields this tells us that the super-diffeomorphism, eq. (2.13), should be accompanied by a gauge transformation. We denote the gauge transformation parameter in superspace by Σ^{(b)} below. The combined transformation can then be written as,

δB̂_{MN} = Σ^P ∂_P B̂_{MN} +∂_M Σ^P B_{P N} −(−1)^{MN} ∂_N Σ^P B_{P M} +∂_M Σ^{(b)}_N −(−1)^{MN} ∂_N Σ^{(b)}_M . (2.19)

The commutator of two transformations in superspace can now be calculated. We get that

(δ_1δ_2 − δ_2δ_1)B̂_{MN} = ∂_M Σ^{12(b)}_N − (−1)^{MN} ∂_N Σ^{12(b)}_M + · · · . (2.20)

The ellipses on the rhs denote extra terms which arise due to a coordinate transformation with parameters, eq. (2.13). Σ^{12(b)} above denotes a gauge transformation, it’s components turn out to be, Σ^{12(b)}_M = � Σ^P_2 ∂_P Σ^{1(b)}_M + ∂_M Σ^P_2 Σ^{1(b)}_P � − (1 ↔ 2) . (2.21)

To leading order in θ, B_{mμ} and B_{μν} both vanish and the only non-zero component of B̂_{MN} is B_{mn}. Comparing eq. (2.21) and eq. (2.18) and using eq. (2.13) for the components of Σ^P we then find that upto O(θ),

Σ^{(b)}_m = 1 2 θ̄ �Γ^nB_{mn} − σ^3Γ_m�ϵ . (2.22)

And Σ^{(b)}_μ = 0.

We are now ready to evaluate B̂_{MN} to higher orders in θ. From the susy transformation, appendix A.1, for the supergravity field B_{mn} it follows that upto O(θ^1)

B̂_{mn} = B_{mn} + θ̄σ^3Γ_mψ_n − θ̄σ^3Γ_nψ_m . (2.23)

To evaluate B̂_{mμ} , note that

δB̂_{mμ} = ϵ^α ∂_α B̂_{mμ} + 1 2 � ϵ̄σ^3Γ_m � μ (2.24)

Since B_{mμ} vanishes at zeroth order in θ, the above variation should be zero, which gives

B̂_{mμ} = − 1 2 �¯ θσ^3Γ_m � μ . (2.25)

Similarly one can show that B̂_{μν} must vanish upto O(θ^1).

– 7 –

To find the second order results for B̂_{mn}, we consider the variation of B̂_{mn}, eq. (2.19), upto to first order in θ. Using the results for the superdiffeomorphism, eq. (2.13), and gauge transformation, eq. (2.22), this is given by

δB̂_{mn} = ϵ^α ∂_α B̂_{mn} + 1 2 θ̄Γ^pϵH_{mnp} + θ̄σ^3 (Γ_m∂_nϵ − Γ_n∂_mϵ) − 1 2 θ̄σ^3Γ_aϵ (∂_me_n^a − ∂_ne_m^a) . (2.26) On the other hand this has to be equated with the variation of eq. (2.23) leading to

δB̂_{mn} = δB_{mn} + θ̄σ^3 (Γ_mδψ_n − Γ_nδψ_m) = ϵ̄σ^3 (Γ_mψ_n − Γ_nψ_m) + θ̄σ^3 (Γ_m∂_nϵ − Γ_n∂_mϵ) − 1 2 θ̄σ^3Γ_aϵ (∂_me_n^a − ∂_ne_m^a) + + 1 4 θ̄σ^3 � ω_m^{ab}Γ_{nab} − ω_n^{ab}Γ_{mab} � ϵ − 1 4 e^ϕ θ̄σ^1Γ_{mnp}ϵF^p + 1 2 θ̄Γ^pϵH_{mnp}− − 1 8 θ̄ (Γ_m^{pq}H_{npq} − Γ_m^{pq}H_{mpq}) ϵ − 1 24 e^ϕ θ̄(iσ^2) � Γ_{mn}^{pqr}F^′_{pqr} + 6Γ^pF^′_{mnp} � ϵ− − 1 8 · 5!

e^ϕ θ̄σ^1 � Γ_{mn}^{pqrst}F^′_{pqrst} + 20Γ^{pqr}F^′_{mnpqr} � ϵ , (2.27)

where on the rhs we have used the susy transformations for B_{mn} and the gravitino from appendix A.1. Eq. (2.26), (2.27) finally give us the expansion to second order in θ,

B̂_{mn} = B_{mn} + θ̄σ^3 (Γ_mψ_n − Γ_nψ_m) + 1 8 θ̄σ^3 � ω_m^{ab}Γ_{nab} − ω_n^{ab}Γ_{mab} � θ − − 1 16 θ̄ (Γ_m^{pq}H_{npq} − Γ_m^{pq}H_{mpq}) θ− − 1 8 e^ϕ θ̄σ^1Γ_{mnp}θF^p − 1 48 e^ϕ θ̄(iσ^2) � Γ_{mn}^{pqr}F^′_{pqr} + 6Γ^pF^′_{mnp} � θ− − 1 16 · 5!

e^ϕ θ̄σ^1 � Γ_{mn}^{pqrst}F^′_{pqrst} + 20Γ^{pqr}F^′_{mnpqr} � θ . (2.28)

As was mentioned in the discussion of the previous subsection we are interested in backgrounds for which the fermions ψ_m and λ are zero. Also, when we construct the world volume action it will be convenient to work in static gauge and fix the κ-symmetry by choosing the space time spinors θ_1, θ_2 to be

θ_1 = Θ , θ_2 = 0 . (2.29)

With this choice the expression for B̂_{mn} becomes

B̂_{mn} = B_{mn} + 1 8 Θ̄ � ω_m^{ab}Γ_{nab} − ω_n^{ab}Γ_{mab} � Θ − 1 16 Θ̄ (Γ_m^{pq}H_{npq} − Γ_m^{pq}H_{mpq}) Θ . (2.30)

It will be enough for our purposes of determining the fermion bilinear terms below to determine the other components B_{mμ} , B_{μν} , to O(θ^1) which was already done above.

2.3 Final results

One can follow through similar steps to obtain the expansions for other superfield. We have summarised the results below, detail calculations are performed in the appendix.

– 8 –

As was mentioned above, we have set the fermionic backgrounds to zero. Also we work with the choice of spinors in eq. (2.29). The components of the superfields to required order in the θ expansion are then given by:

ϕ̂ = ϕ − 1 48 Θ̄Γ^{mnp}ΘH_{mnp}

Ĉ = C − 1 48 Θ̄Γ^{mnp}ΘF^′_{mnp}

ê^a_μ = − 1 2 �¯ θΓ^a � μ ê^a_m = e_m^a − 1 8 ω_m^{cd}Θ̄Γ^a_{cd}Θ − 1 16 H_{mpq}Θ̄Γ^{apq}Θ

B̂_{mμ} = − 1 2 �¯ θσ^3Γ_m � μ B̂_{mn} = B_{mn} − 1 8 Θ̄ � Γ_m^{ab}ω_{nab} − Γ_n^{ab}ω_{mab} � Θ − 1 16 Θ̄ (Γ_m^{pq}H_{npq} − Γ_n^{pq}H_{mpq}) Θ

Ĉ_{mμ} = 1 2 e^{−ϕ} �¯ θσ^1Γ_m � μ − 1 2 C �¯ θσ^3Γ_m � μ Ĉ_{mn} = C_{mn} − 1 8 CΘ̄ � Γ_m^{ab}ω_{nab} − Γ_n^{ab}ω_{mab} � Θ + 1 8 Θ̄Γ_{mnp}ΘF^p− − 1 16 CΘ̄ (Γ_m^{pq}H_{npq} − Γ_n^{pq}H_{mpq}) Θ − 1 16 Θ̄ �Γ_m^{pq}F^′_{npq} − Γ_n^{pq}F^′_{mpq}� Θ− − 1 16 · 5!

Θ̄ �Γ_{mn}^{pqrst}F^′_{pqrst} + 20Γ^{pqr}F^′_{mnpqr}� Θ

Ĉ_{μmnp} = − 1 2 e^{−ϕ} �¯ θ(iσ^2)Γ_{mnp} � μ + 3 2 �¯ θσ^3C_{[mn}Γ_{p]} � μ Ĉ_{mnpq} = C_{mnpq} − 3 2 Θ̄C_{[mn}Γ_p^{ab}ω_{q]ab}Θ − 3 4 Θ̄C_{[mn}Γ_p^{st}H_{q]st}Θ + +Θ̄ � 1 48 Γ_{mnpq}^{stu}F^′_{stu} + 1 2 Γ_{[mnp}F_{q]} + 3 4 Γ_{[mn}^sF^′_{pq]s} − − 1 96 Γ_{[mnp}^{stuv}F^′_{q]stuv} − 1 8 Γ_{[m}^{st}F^′_{npq]st} � Θ . (2.31)

Here, H_3 = dB. And F^′_{mnp}, F^′_{mnpqrs}, refer to the components of the three form, dC_2 −C_0H_3, and the five form, dC_4 − C_2 ∧ H_3, respectively. Eq. (2.31) is one of the main results of our paper.

3. World volume action

3.1 The action

The action for the D3 brane is given by [12 – 16]

S = −μ_3 � d^4ζe^{− ϕ̂} � −det � ĝ_{ĩj̃} + F_{ĩj̃} − B̂_{ĩj̃} � + μ_3 � e^{F − B̂} ∧ Ĉ . (3.1)

It is obtained by pulling back the superfields from spacetime to the D3 brane world volume. For on-shell background fields the action is κ-symmetric. In eq. (3.1) ζ^ĩ,ĩ = 0, . . . 3 are the world volume coordinate. We also denote Ĉ = ⊕_nĈ_n.

It will be useful in the discussion below to distinguish between the pullback of the superfield and pullback of the component bosonic supergravity fields. The pullback of a

– 9 – superfield is by definition obtained by pulling back the superspace tensor onto the worldvolume. For example, the pullback of B̂_{MN} is,

B̂_{ĩj̃} = ∂_ĩZ^M ∂_{j̃} Z^N B̂_{MN} , (3.2)

where Z^M = (x^m, θ^μ ) are the spacetime superspace coordinates. This is what appears in eq. (3.1). In contrast we define the pullback of the component supergravity field from the ordinary (Bosonic) target space to the worldvolume. So,

B_{ĩj̃} = ∂_ĩx^m∂_{j̃}x^nB_{mn} . (3.3)

To distinguish between the two we will use boldface indices in the case of the superfield, as in eq. (3.1), (3.2) above.

It will also be useful to distinguish between the lowest order term and the higher order contributions in the θ expansion for any superfield. the latter will be denoted by an additional prime. For example, we can write for the dilaton superfield,

ϕ̂ = ϕ + ϕ^′ (3.4)

where from eq. (2.31), ϕ^′ = −^1_{48}Θ̄Γ^{mnp}ΘH_{mnp} .

Using the expressions for the super vierbeins from eq. (2.31), it then follows that the metric ĝ_{ĩj̃} = ê^a_ĩ ê^b_{j̃} η_{ab} to second order in Θ is,

ĝ_{ĩj̃} = g_{ĩj̃} + � ∂_ĩx^m∂_{j̃} x^n + ∂_{j̃}x^m∂_ĩx^n � e^b_ne^{′a}_mη_{ab} + 1 2 Θ̄Γ^a � D_ĩΘ∂_{j̃}x^m + D_{j̃} Θ∂_ĩx^m � e^b_mη_{ab} .

(3.5) A similar straightforward analysis shows that the pull back of the NS and RR superfields become

B̂_{ĩj̃} = B_{ĩj̃} + ∂_ĩx^m∂_{j̃}x^nB^′_{mn} + 1 2 � Θ̄Γ_ĩD_{j̃} Θ − Θ̄Γ_{j̃}D_ĩΘ � Ĉ_{ĩj̃} = C_{ĩj̃} + ∂_ĩx^m∂_{j̃}x^nC^′_{mn} + 1 2 C � Θ̄Γ_ĩ∂_{j̃} Θ − Θ̄Γ_{j̃}∂_ĩΘ � Ĉ_{ĩj̃k̃l̃} = C_{ĩj̃k̃l̃} + ∂_ĩx^m∂_{j̃} x^n∂_{k̃}x^p∂_{l̃}x^qC^′_{mnpq} + 4!∂_{[ĩ}Θ^μ ∂_{j̃} x^n∂_{k̃}x^p∂_{l̃]}x^qĈ_{μnpq} . (3.6)

Using these expressions we can compute the world volume action. The DBI action becomes

S_{DBI} = −μ_3 � d^4ζe^{−ϕ} � detg � 1 + 1 4 (F −B)^2 � 1 + 1 48 Θ̄Γ^{mnp}ΘH_{mnp} � + (3.7) + 1 2 � δ_ĩ^{k̃} + (F −B)_ĩ^{k̃} � Θ̄Γ_{k̃}D^ĩΘ − 1 8 Θ̄Γ_{k̃pq}ΘH^{ĩpq} � + · · · � . Here we have followed a slightly condensed notation. In our notation above, ĩ, j̃, k̃ denote world volume indices, whereas m, n, p denote spacetime (bosonic) indices. Now, Γ_{k̃} ≡ Γ_m∂_{k̃}x^m, ∂^ĩΘ ≡ g^{ĩj̃} ∂_{j̃} Θ, etc. The ellipses on the right hand side above indicate additional terms that can be obtained by expanding the square root in eq. (3.1) to higher order. In addition of course extra terms would arise if we carried out the θ expansion of the superfields to higher order as well.

– 10 –

Similarly the Wess-Zumino action is

S_{W Z} = μ_3 � e^{(F −B)} ∧ C − 1 96 μ_3 � (F − B) ∧ (F − B) Θ̄Γ^{mnp}ΘF^′_{mnp} + + 1 32 μ_3 � d^4ζ � detgϵ^{ĩj̃k̃l̃}(F − B)_{ĩj̃} × × Θ̄ � Γ_{k̃l̃p}F^p − Γ_{k̃}^{pq}F^′_{l̃pq} − 1 2 · 5! � Γ_{k̃l̃}^{pqrst}F^′_{pqrst} + 20Γ^{pqr}F^′_{k̃l̃pqr} � � Θ + + 1 16 μ_3 � d^4ζ � detgϵ^{ĩj̃k̃l̃} � 1 72 Θ̄Γ_{ĩj̃k̃l̃}^{pqr}ΘF^′_{pqr} + 1 3 Θ̄Γ_{ĩj̃k̃}ΘF_{l̃} + + 1 2 Θ̄Γ_{ĩj̃}^pΘF^′_{k̃l̃p} − 1 3! Θ̄Γ_ĩ^{pq}ΘF^′_{j̃k̃l̃pq} � . (3.8)

Equations, (3.7) and (3.8), are important for the the following discussion. We will see in the next section that the action above agrees with other established results in the literature.

3.2 Some comments Two comments are now in order.

One of the main motivations for this project is to understanding non-perturbative corrections to the superpotential which can arise in flux compactifications. In this context we are interested in IIB string theory compactified down to R^{3,1} (actually for the nonperturbative corrections we are interested in the euclidean situation R^4 as discussed in the next section). One class of non-perturbative effects, which is our main focus here, arise due to to euclidean D3 branes that wrap a holomorphic 4-cycle, i.e. a divisor, in the internal 6-dimensional space.

Under a duality map to M-theory this lifts to a euclidean 5-brane instanton wrapping a divisor of the Calabi-Yau four-fold. The resulting superpotential was discussed in the seminal paper of Witten [3]. An U(1) symmetry played an important role in this analysis. This symmetry is a subgroup of the structure group of the normal bundle and corresponds to rotations in the plane of the two compact directions orthogonal to the divisor. An index was formulated by counting the fermionic zero modes after grading them by their charge under this symmetry. This index turned out to be proportional to the arithmetic genus of the divisor and it was argued that a correction could only arise if the arithmetic genus was unity.

In the IIB description we are using here the U(1) the divisor is 2 complex dimensional and the compactified space is 6-dimensional. This means, roughly speaking, that two compact directions are normal to the divisor and the U(1) symmetry is rotations in the plane formed by these two directions. We will now see that the presence of three-form flux can lead to this U(1) symmetry being broken in the D3-brane world volume theory. As a result, zero modes with the same U(1) charge can pair up and get heavy. In this way, a correction to the superpotential can arise even though the index condition mentioned above is not met.

The essential point is simply that if the three form flux has two legs along the 4-cycle and one perpendicular to it then it will break the U(1) symmetry mentioned above. Since the fluxes enter in various bilinear fermion couplings in eqs. (3.7) and (3.8), the mass terms

– 11 – for the fermions will in general violate this symmetry. To illustrate this concretely let us consider the situation where F − B in the world-volume theory vanishes. Then the fermion three-form flux dependent mass terms for a D3 brane wrapping a 4-cycle take the form,

S_{mass} = −μ_3 � d^4ξ � detgΘ̄ � e^{−ϕ} 1 48 Γ^{mnp}H_{mnp} − 1 16 e^{−ϕ} Γ_{ĩpq}H^{ĩpq} − 1 32 ϵ^{ĩj̃k̃l̃}Γ^p_{ĩj̃} F^′_{k̃l̃p} � Θ (3.9) (we have used the fact that the flux preserves Poincare invariance in R^{3,1} to set some terms to zero). We remind the reader that in our notation, indices, ĩ, j̃, k̃, l̃ are along the worldvolume, and m, n, p take 0, . . . , 9 values in spacetime. Now, in general, it is easy to see that if H, F^′ have two legs along the brane and one along the normal then each of the terms appearing above breaks the U(1) symmetry. Also, the sum of these terms does not vanish for on-shell backgrounds, even those which meet the conditions of supersymmetry. Thus, as was mentioned above the mass terms will in general break the U(1) symmetry allowing in particular two fermions with same sign charges to pair up and get heavy.

Second, let us now consider the special case of a D3-brane which is along R^{3,1} and transverse to the internal directions. We also take the background fields to preserve the Poincare symmetry of R^{3,1}. In addition, we take the space time metric to be of the form g_{10} = e^{2A(ym )}η_4 ⊗ g^{tr}_6 . The DBI term is then given by,

S_{DBI} = −μ_3 � d^4ζe^{−ϕ} � detg � � 1 + 1 4 (F − B)^2 � � 1 + 1 48 Θ̄Γ^{mnp}ΘH_{mnp} � + + 1 2 � δ_ĩ^{k̃} + (F − B)_ĩ^{k̃} � Θ̄Γ_{k̃}∂^ĩΘ + · · · � . (3.10)

The spin connection dependent term vanishes in the above equation for the a general warped metric. The Wess-Zumino term is given by

S_{W Z} = μ_3 � C_4 − 1 96 μ_3 � (F − B) ∧ (F − B) Θ̄Γ^{mnp}ΘF^′_{mnp} + + 1 32 μ_3 � d^4ζ � detgϵ^{ĩj̃k̃l̃}(F − B)_{ĩj̃} × × Θ̄ � Γ_{k̃l̃p}F^p − 1 2 · 5! � Γ_{k̃l̃}^{pqrst}F^′_{pqrst} + 20Γ^{pqr}F^′_{klpqr} � � Θ + + 1 48 · 4!

μ_3 � d^4ζ � detgϵ^{ĩj̃k̃l̃}Θ̄Γ_{ĩj̃k̃l̃}^{pqr}ΘF^′_{pqr} . (3.11)

The full action is the sum of these two terms. This result is of interest from the point of view of calculating the soft terms that can arise after turning on fluxes [20 – 27]. It agrees (upto some minor discrepancy in the numerical factors) with ref. [7].

Ignoring terms dependent on (F − B), the O(Θ^2) part of the action becomes

S(Θ^2) = μ_3 48 � d^4ζe^{−ϕ} � detgΘ̄Γ^{mnp}ΘRe(∗G − iG)_{mnp} , (3.12)

where G ≡ F^′ − ie^{−ϕ} H. We see that for imaginary self dual flux, the above term vanishes. This is to be expected from the analysis of [28].

– 12 –

4. T-duality and comparison with other results

As a simple check of our results, we can take the type-IIA action for D0 brane and perform three T-dualities to obtain the action for D3 brane. The D0 brane action to order Θ^2, in the Einstein frame, is given by [8]

S = −μ_0 � dτe^{− 34 ϕ} � 1 − 3 4 Φ|_Θ 2 + · · · � � − (g_{mn} + 2e_{ma}E^a_n|_Θ 2 + · · ·) ẋ^mẋ^n+

+μ_0 � dτ (C_m + B_m|_Θ 2 + · · ·) ẋ^m (4.1)

where the dots indicate terms of higher order in Θ. The order Θ^2 part of the IIA superfields are given by

Φ|_Θ 2 = i 48 e^{− 12 ϕ} Θ̄Γ^{mnp}ΘG_{mnp}

B_m|_Θ 2 = − i 16 Θ̄γ_m^{np}ΘF_{np} − i 48 e^{− 12 ϕ} Θ̄γ^{npq}F^′_{mnpq} (4.2)

E^a_m|_Θ 2 = i 8 Θ̄γ^{abc}Θω_{mbc} + i 64 e^{− 12 ϕ} � Θ̄γ_m^{np}ΘH^r_{np} + 3Θ̄γ^{anp}ΘH_{mnp} − 1 3 e^a_mΘ̄γ^{npq}ΘH_{npq} � . Using the above formulae, we write the action in terms component fields. Also, before performing T-duality, we make the following field redefinitions [7] to change the action in to sting frame.

g_{mn(E)} = e^{− 12 ϕ} g_{mn(S)} , Γ^m_{(E)} = e^{14 ϕ} Γ^m_{(S)} , Θ_{(E)} = e^{− 18 ϕ} Θ_{(S)} . (4.3)

With this, the DBI action becomes

S_{DBI} = −μ_0 � dτe^{−ϕ} √ −g_{00} � 1 + i 8 Θ̄ � γ^{0ab}ω_{0ab} + 1 2 γ^{0np}H_{0np} − 1 6 γ^{mnp}H_{mnp} � Θ + · · · �

(4.4) and the Wess-Zumino part

S_{W Z} = μ_0 � dτ � C_0 − i 16 � Θ̄γ_0^{mn}ΘF_{mn} + 1 3 Θ̄γ^{mnp}ΘF^′_{0mnp} � + · · · � . (4.5)

Now we perform three T-dualities along {x, y, z}. Let us denote these directions by ḿ,ń, . . . and the remaining directions by p̌,q̌, . . .. For simplicity, we consider the following special case. We assume g_{ḿp̌} = B_{ńq̌} = B_{ńḿ} = 0 and we take the metric along the directions x, y, z to be diagonal. Also we set the spin connection to zero. Using the T-duality rules as given in the appendix A.5, it is then straightforward to see that the quadratic part of the action (4.4) is identical to our result

S_{DBI} (Θ^2) = −μ_3 � d^4ζe^{−ϕ} � det g � 1 48 Θ̄Γ^{mnp}ΘH_{mnp} − 1 16 Θ̄Γ_{ĩpq}ΘH^{ĩpq} � . (4.6)

– 13 –

We can now turn to the quadratic part of the Wess-Zumino action. After performing the duality, we find − i 16 � Θ̄γ_0^{mn}ΘF_{mn} + 1 3 Θ̄γ^{mnp}ΘF^′_{0mnp} � = = Θ̄ � i 16 γ_0^{p̌q̌} F_{xyzp̌q̌} + i 8 (γ_{0x}^{p̌} F_{yzp̌} + γ_{0y}^{p̌} F_{zxp̌} + γ_{0z}^{p̌} F_{xyp̌} ) − i 48 γ^{p̌q̌ř} F^′_{0xyzp̌q̌ř} + + i 8 (γ_{xyz}F_0 − γ_{0xy}F_z − γ_{0yz}F_x − γ_{0zx}F_y) − − i 16 (γ_x^{p̌q̌} F^′_{0yzp̌q̌} + γ_y^{p̌q̌} F^′_{0zxp̌q̌} + γ_z^{p̌q̌} F^′_{0xyp̌q̌} ) − − i 8 (γ_{xy}^{p̌} F^′_{z0p̌} + γ_{yz}^{p̌} F^′_{x0p̌} + γ_{zx}^{p̌} F^′_{y0p̌} ) � Θ (4.7)

which coincides with the quadratic action

S_{W Z} = μ_3 � d^4ζ � detgϵ^{ĩj̃k̃l̃} � 1 4! · 48

Θ̄Γ_{ĩj̃k̃l̃}^{pqr}ΘF^′_{pqr} + 1 48 Θ̄Γ_{ĩj̃k̃}ΘF_{l̃} + + 1 32 Θ̄Γ_{ĩj̃}^pΘF^′_{k̃l̃p} − 1 16 · 3!

Θ̄Γ_ĩ^{pq}ΘF^′_{j̃k̃l̃pq} � . (4.8)

We have chosen the gauge, eq. (2.29), in constructing the D3 brane action. Agreement with the D0 brane action shows that this agrees with the gauge choice, Γ^{11}Θ = −Θ in the IIA case. This point was already noted in [7].

As was mentioned in the introduction the action for branes upto quadratic order in fermions in the presence of an arbitary on-shell background has already been derived by Marolf, Martucci and Silva [10, 11]. These authors used the method of “normal coordinate expansion” together with T-duality which is different from the method of gauge completion used here. As we discuss below our results completely agree. This constitutes a significant check of our results and methods.

The quadratic fermion terms in the action for a D_p brane are given in eq.(30) of [11]. We are interested in the case p = 3 here. Γ̃_{Dp} is defined in eq.(28) and L_p in eq.(29) of [11], with Γ^ϕ = −σ_3 in our notation. Also, D_m and Δ are defined in eq.(84), (86) of [11]. y in eq.(30) of [11] stands for the 32 component spinor that we call θ, with y_1, y_2 corresponding to θ_1, θ_2 respectively . Let us for simplicity now set the world volume magnetic field to zero. In the gauge y_2 = 0, it is then easy to see that eq.(30) of [11] agrees completely with the fermion bilinear terms obtained above, eq. (3.7), eq. (3.8), after identifying y_1 with Θ and the RR field strengths with each other upto a sign.

Finally, the world volume action of M5 brane in presence of background flux has been constructed by Kallosh and Sorokin [9]. After a duality map this can be related to the D3 brane action computed here. We have compared with the fermion bilinear terms presented in eq.(22) of [9] and find substantial agrement.^2

2We are greatful to R. Kallosh and D. Sorokin for help in this regards.

– 14 –

5. An example

5.1 Euclidean continuation The discussion above was for a D3 brane in Minkowski space with signature (9, 1). Our main interest here is in instanton corrections to the superpotential and for this purpose we are really interested in euclidean space with signature (10, 0). We will not consider time dependent backgrounds here and continuing the bosonic fields which appear in the world volume theory eqs. (3.7) and (3.8), to euclidean space is straightforward. The world volume theory also contains a 16 component Majorana Weyl fermion, Θ. This is continued to a 16 component complex Weyl fermion in euclidean space.^3 Fermion bilinear terms of the form: S = � d^4ξΘ^T Γ^0MΘ , (5.1)

are continued to euclidean space by replacing Θ above by the Weyl fermion. The path integral of the world-volume theory is then carried out over Θ alone. In particular Θ^† does not appear in the path integral as an independent degree of freedom. In this way no further doubling of the fermionic degrees is introduced for the purposes of evaluating the path integral [29].

5.2 The example Now let us consider a specific example that will illustrate the role that fluxes can play in changing the count of zero modes. We consider a T^6/Z_2 compactification with flux [30, 31]. The six coordinates of torus are taken to be, x^i, y^i, i = 1, . . . , 3, with 0 ≤ x^i, y^i ≤ 1. The Z_2 orientifold symmetry involves a reflection in all six directions, (x^i, y^i) → −(x^i, y^i), i = 1, . . . , 3. Holomorphic coordinates are, Z^i = x^i + τ_{ij}y^j, where τ_{ij} determine the complex structure of the torus. The tree-level superpotential takes the form, [32, 28],

W_{tree} = � (F − ΦH) ∧ Ω_3 (5.2)

where Φ = C + ie^{−ϕ} is the axion-dilaton, and Ω_3 is the holomorphic three-form which in this case takes the form, Ω_3 = dZ^1 ∧ dZ^2 ∧ dZ^3.

We focus on one specific choice of flux: F and H:

F = dx^1 ∧ dx^2 ∧ dx^3 + dy^1 ∧ dy^2 ∧ dy^3 H = dx^1 ∧ dx^2 ∧ dx^3 − 2dy^1 ∧ dy^2 ∧ dy^3 − dx^2 ∧ dx^3 ∧ dy^1 − dx^3 ∧ dx^1 ∧ dy^2− −dx^1 ∧ dx^2 ∧ dy^3 + dy^2 ∧ dy^3 ∧ dx^1 + dy^3 ∧ dy^1 ∧ dx^2 + dy^1 ∧ dy^2 ∧ dx^3 . (5.3)

This example was analysed in [30] and it was shown that as a result of the superpotential, eq. (5.2), all the complex structure moduli of the torus as well as the axion-dilaton are stabilized with a value

C + ie^{−ϕ} = e^{2πi3} , τ_{ij} = δ_{ij} e^{2πi3} . (5.4)

The supersymmetry is broken to N = 1 in the resulting vacuum.

3Note that there are no Majorana Weyl representations of SO(10).

– 15 –

We are interested in possible non-perturbative corrections to the superpotential that can arise in this N = 1 theory. Such corrections could arise due to euclidean D3 branes wrapping divisor in T^6/Z_2. A correction to the superpotential requires two fermionic zero modes, no more or less, in the world volume theory of the euclidean D3 brane. Without flux there are 16 fermionic zero modes. This is too many (the sixteen zero modes follow from the N = 4 supersymmetry, present without flux, which also precludes a correction to the superpotential). With flux we will see below that only four zero modes survive. This is fewer in number, but still too many for a non-perturbative contribution to the superpotential.

A general divisor takes the form, n_iZ^i = c, where n_i are integers and c is a constant. We first examine the divisor Z^3 = c below. In this case the D3 wraps the x^1, x^2, y^1, y^2, directions with x^3, y^3, held constant. For now we also exclude the special values, c = 0, 1/2i, 1/2, 1/2 + 1/2i. At these special values the Z_2 orientifold symmetry relates points on the divisor to each other. This complicates the analysis somewhat. Towards the end of the section we will consider the more general divisor. Using the symmetries of the problem we will find that the analysis can be mapped to the case when Z^3 = c, thus resulting in the same number of zero modes.

We ignore the five-form flux also we set F − B on the world volume to zero.^4 The fermion bilinear term of the action then takes the form

S(Θ^2) = −μ_3 � d^4ζe^{−ϕ} � det g � 1 48 Θ̄Γ^{mnp}ΘH_{mnp} − 1 16 Θ̄Γ_{ĩpq}ΘH^{ĩpq} � + + μ_3 32 � d^4ζϵ^{ĩj̃k̃l̃} � 1 36 Θ̄Γ_{ĩj̃k̃l̃}^{pqr}ΘF^′_{pqr} + Θ̄Γ_{ĩj̃}^pΘF^′_{k̃l̃p} � . (5.5)

In this equation Θ is a Weyl fermion of SO(10) but Θ̄ actually stands for Θ^T γ^0, as was explained above. We see that the flux gives rise to mass terms for the fermion Θ.

The flux, eq. (5.3) does not fix all the Kahler moduli. With the choice,

ds^2 = 3� a=1 r^2_adz^adz̄^a (5.6)

it is easy to see that the Kahler moduli r^2_a, contribute an overall multiplicative factor to the mass terms above. Since our main goal is to count the zero modes here, we will work with r_a = 1 below.

Now let us write the mass terms above as,

S(Θ^2) = μ_3 8 � d^4ξ � detgΘ̄MΘ , (5.7)

where the matrix M is determined by the flux. We are interested in the number of zero modes of M.

4For the flux, eq. (5.3), we can work in a gauge where the two-form RR gauge potential C_{(2)} has non-zero components, C_{(2)x}1_x3 , C_{(2)y}1_y3 . Since the brane extends along, x^1, x^2, y^1, y^2, there is then no source term for F − B on the world volume and setting it to zero is consistent with the equations of motion for the world volume gauge field.

– 16 –

As we discuss in appendix A.6, it is convenient to work in the following basis for the analysis. Label the 16 components of Θ as |ϵ_1, ϵ_2, ϵ_3, a⟩ where ϵ_i = ±1, i = 1, . . . , 3 refer to the eigenvalues of Γ^{x̂jŷj} respectively.^5 E.g.,

Γ^{x̂1ŷ1} |ϵ_1, ϵ_2, ϵ_3, a⟩ = iϵ_1|ϵ_1, ϵ_2, ϵ_3, a⟩ . (5.8)

And a = ±1 is an extra label (The SO(10) rotation group has a SO(4) × SO(6) subgroup where the SO(6) refers to the compactified directions. The label a refers to the SO(4), it takes only two values because the ten dimensional chirality is fixed.). Now it is easy to see that M acts on the state, |ϵ_1, ϵ_2, ϵ_3, a⟩, as follows,

M|ϵ_1, ϵ_2, ϵ_3, a⟩ = � 2 √ 3 �_3

mΓ^{ŷ1ŷ2ŷ3} |ϵ_1, ϵ_2, ϵ_3, a⟩ , (5.9)

where, m = 1 2 �√ 3 + ϵ_1ϵ_2 � � e^{− iπ3 (ϵ1+ϵ2+ϵ3)} − 2 − e^{− iπ3 (ϵ1+ϵ2)} − e^{− iπ3 (ϵ2+ϵ3)} −

− e^{− iπ3 (ϵ3+ϵ1)} + e^{− iπ3 ϵ1} + e^{− iπ3 ϵ2} + e^{− iπ3 ϵ3} � + +ϵ_1ϵ_2 � 1 + e^{− iπ3 (ϵ1+ϵ2+ϵ3)} � . (5.10)

Our notation for the matrix Γ^{ŷ1ŷ2ŷ3} is defined in appendix A.6. We note here that (Γ^{ŷ1ŷ2ŷ3} )^2 = −1 and thus Γ^{ŷ1ŷ2ŷ3} |ϵ_1, ϵ_2, ϵ_3, a⟩ cannot vanish. This means that the rhs of eq. (5.9) can vanish only if m vanishes.

It is easy to see from eq. (5.10) that this happens when when ϵ_1 = ϵ_2 = ϵ_3 = ±1. As discussed in appendix A.6, this is the only choice of ϵ_1, ϵ_2, ϵ_3 for which m vanishes. Since a in addition can take values ±1, we get four zero modes in all.

This example illustrates the fact that fluxes can lift zero modes, although in this case we see that the remaining number is still too large for a contribution to the superpotential.

5.3 Discussion

The analysis of zero modes in [3] cannot be directly applied to the example above, since the M-theory lift of the T^6/Z_2 orientifold is a space of reduced holonomy. Still, an analogous index can be defined in this example. The U(1) symmetry here corresponds to rotations in the plane formed by the x^3, y^3 directions. The U(1) charge of a zero mode is therefore simply ϵ_3. The graded index is then, χ ≡ � (−1)^{ϵ3} , (5.11)

where the sum is over all the fermionic zero-modes. In the absence of flux, there are 8 zero modes with ϵ_3 = +1 and 8 with ϵ_3 = −1 so this index vanishes. In the presence of flux, there are 2 zero modes with charge ±1 each so again the index vanishes.

We see from eq. (5.3) that the three-form fluxes H, F have two legs along the divisor and one normal to it, and so break the U(1) symmetry. In the basis above, the U(1) symmetry

5Here the ‘^’ indicates that we are in the vierbein basis.

– 17 – relates the two states {|ϵ_1, ϵ_2, ±ϵ_3, a⟩} to each other. And we see from appendix A.6, that these states do get different masses, in accordance with the breaking of the symmetry.

The flux eq. (5.3) is invariant under the Z_2 orientifold symmetry as required. In this example there are additional Z_2 symmetries as well, however. These involve inverting the coordinates of only one of the torii, while keeping the other torii fixed. E.g., (x^1, y^1) → −(x^1, y^1) while keeping the other coordinates fixed. The two-forms, C_2, B_2 have odd intrinsic parity under these Z_2’s (as they do under the Z_2 orientifold symmetry) and thus the flux eq. (5.3) is invaraint under them. As a result of these additional symmetries, the zero modes can only be lifted in pairs, with the states {|ϵ_1ϵ_2, ϵ_3, a⟩, | − ϵ_1, −ϵ_2, −ϵ_3, a⟩} having the same mass.^6 This explains why the index does not change after incorporating the flux. In the more generic case of a Calabi-Yau space with flux, such additional symmetries would be absent while the feature that the flux breaks the U(1) symmetry continues to be true, so one expects that the index can change after incorporating flux. Evidence for this was already found in [4] for the case of M theory on K3 × K3. There it was argued that for a divisor of the form K3×P^1, zero modes coming from h(2, 0) of the divisor, which have the same U(1) charge, pair up amongst themselves and get heavy.

After turning on the flux, eq. (5.3), N = 1 supersymmetry is left unbroken in the resulting vacuum. The D3 brane wrapping the divisor breaks some of these supersymmetries, and this gives rise to some zero modes in the D3 brane world volume theory. It would be helpful to know which of the four zero modes we have found above are related to the breaking of supersymmetry. We have not analysed this question in detail and leave it for the future. Let us note in passing here that the conditions for supersymmetry imposed by the D3 brane are independent of the three-form flux. In the absence of flux, half the supersymmetries are left unbroken by the D3 brane wrapping a divisor, this suggests that two of the four supersymmetries are broken by the D3 brane, and two of the four zero modes are due to this partial breaking of supersymmetry.^7

We have focussed on a specific divisor above, Z^3 = c. The case when Z^3 is replaced by Z^1, Z^2 gives the same zero-mode count due to the symmetries of the flux, eq. (5.3). Also in the discussion above we have excluded some special values, c = 0, 1/2i, 1/2, 1/2(1 + i). The divisors for these values of c are special. The Z_2 orientifold symmetry relates points on the divisor to each other in these cases so the divisors are “half-cycles”. Starting with a situation where the brane is away from one of these special values of c we can continuously move it to the special values. The brane and its image under the Z_2 orientifold symmetry come together then. Since the brane can be moved continuously in this way we do not expect the number of zero modes to jump. A more interesting possibility is that of a brane without its image wraping one of these special divisors. This would be the analogue of a fractional brane. It is tempting to speculate that the Z_2 orientifold symmetry acts on the fermions in this case and halves their number, resulting in two zero modes - just the correct number for an instanton correction. Partial evidence for this comes from anomaly considerations. Since the brane wraps a half-cycle its action depends only fractionally on

6More correctly we are interested in the eigenmodes of M^†M. Both {|ϵ1ϵ2, ϵ3, a⟩, | − ϵ 1, −ϵ 2, −ϵ 3, a⟩} are eigenvectors of this operator with the same eigenvalues.

7We are grateful to Rudra Jena for a discussion in this regard.

– 18 – the Kahler modulus govering the volume of the four cycle and also depends only fractionally on the axionic partner of this Kahler modulus. This suggests that the number of zero modes is also halved. We have not fully explored this interesting case yet and hope to return to it in the future.

A more general divisor has the form, n_iZ^i = c. As discussed towards the end of appendix A.6, upto an overall rescaling of the mass matrix, the analysis for the more general divisor can be mapped to the case where one of the three coordinates, Z^1, Z^2 or Z^3 is a constant. Thus the discussion above applies and we learn (again with the possible exception of some special values of c) that for the case of a more general divisor as well there are four fermion zero modes.

Finally, the zero modes we have found are constant spinors which are zero modes of the mass matrix, eq. (5.7). They are therefore zero modes of the Dirac operator,

D̸Θ + 1 4 MΘ = 0 , (5.12)

since both term above vanish seperately acting on the zero modes. One could ask if there are additional non-constant zero modes of the Dirac operator.^8 Under a rescaling of the volume of the internal space, g_{mn} → λ^2g_{mn} (where now m, n take values only over the six internal space directions) one finds that D̸ →^1_λ D̸ while M →^1_{λ 3} M. Thus at large volume the first term, ̸DΘ, is much more important and our approximation of starting with constant spinors and seeking zero modes of M amongst them is justified. Additional non-constant zero modes of the Dirac operator eq. (5.12) can be found in this example, but in agreement with the argument just mentioned they always occur at a volume of order the string scale. For such small volumes the α^′ corrections are important and the analysis is not trustworthy.^9

6. Conclusions

In this paper we have used the method of gauge completion and determined the fermion bilinear terms in the world volume action of a D3 brane in the presence of background flux. Our results are summarised in eq. (3.7) and eq. (3.8). These results have been previously obtained by Marolf, Martucci and Silva using somewhat different methods.

The fermion bilinear terms are of interest in calculating instanton corrections to the superpotential in flux compactifications. They are also of interest in determining soft susy breaking terms that can arise in flux compactifications.

For a euclidean D3 brane wrapping a divisor in a six dimensional compactification these results explicitly show that the U(1) symmetry of rotations normal to the divisor is broken in the presence of three-form flux. In an explcit example of a T^6/Z_2 compactification with three-form flux we have calculated the fermion mass terms and shown that many zero modes are lifted due to the flux.

8We thank Renata Kallosh for a discussion of this issue.

9In other examples of a Calabi-Yau space with large orientifold charge the flux can be bigger and it might be possible to have the two terms in eq. (5.12) comparable to each other when the volume is bigger than the string scale.

– 19 –

There are several directions of future work. One would like a better understanding of supersymmetry in this context. This is connected to the number of zero modes in the world volume of the D3 brane. More generally, one would like to use our results to calculate the instanton corrections in situations where they can arise. Even in the simple example studied here, of a T^6/Z_2 compactification, our analysis is not complete and the case when the D3 brane wraps a half-cycle needs to be understood better.

We hope to return to these questions in the future.

Acknowledgments

We are grateful to Lars Goerlich for collaboration in the initial stages of this project. We also acknowledge discussions with Gabriel Cardoso, Gottfried Curio, Atish Dabholkar, Rudra Jena, Shamit Kachru, Renata Kallosh, Dieter Lüst, Liam McAllister, Sunil Mukhi, Dmitri Sorokin and Angel Uranga. The work of PKT is supported by German Research Foundation (DFG) Project LU 419/7-3. The work of SPT is supported by a Swarnajayanti Fellowship, DST, Government of India. We are deeply grateful to the people of India for enthusiastically supporting research in String Theory.

A. Computational details

Our conventions are as follows.

Superspace coordinates are denoted by Z^M = (x^m, θ^μ ), which stand for the bosonic and fermionic components respectively. Curved space indices are given by {M, N, . . .} = {m, n, . . . , μ, ν, . . .} where (m, n) denote Bosonic indices and (μ, ν) fermionic indices. Tangent space indices are given by {A, B, . . .} = {a, b, . . . , α, β, . . .}, with (a, b) denoting bosonic and (α, β) fermionic indices.

We will use real 16 component Majorana-Weyl spinors, a convenient basis of gamma matrices is given in eq.(4.3.48), [33], in which Γ^0 is antisymmetric and the remaining gamma matrices, Γ^i, are symmetric. Since there are two 16 component Majorana-Weyl spinors worth of supersymmetries in the IIB theory our spinors will carry an extra SO(2) index. The spinor indices α, β, should be viewed as composite indices standing for the tensor product of a Majorana-Weyl index and this additional SO(2) index. In the formulae below the gamma matrices will act on the Majorana Weyl index while the Pauli spin matrices, σ^1, σ^2, σ^3, will act on the SO(2) index.

Throughout this paper, we denote antisymmetrisation with unit weight by a square bracket. For example, the antisymmetrised product of an antisymmetric rank-two tensor A_{mn} with a rank one tensor B_p is,

A_{[mn}B_{p]} = 1 3 [A_{mn}B_p − A_{pn}B_m − A_{mp}B_n] . (A.1)

There are 3 distinct terms which appear on the rhs as shown. To make it of unit weight we divide by the number of distinct terms, which accounts for the prefactor^1_3 . Finally, Γ_{m1···mn} = Γ_{[m1} · · · Γ_{mn]}, will denote the antisymmetrised product of n Gamma matrices.

– 20 –

A.1 Supersymmetry transformations

With these conventions, the supersymmetric transformation rules in the string frame [34] are given by^{10}

δλ = 1 2 Γ^m∂_mϕϵ − 1 24 Γ^{mnp}H_{mnp}σ^3ϵ − 1 2 e^ϕ Γ^mF_m(iσ^2)ϵ − 1 24 e^ϕ Γ^{mnp}F^′_{mnp}σ^1ϵ

δψ_m = D_mϵ + 1 8 e^ϕ Γ^pΓ_mF_p(iσ^2)ϵ − 1 8 Γ^{pq}H_{mpq}σ^3ϵ + + 1 48 e^ϕ Γ^{pqr}Γ_mF^′_{pqr}σ^1ϵ + 1 16 · 5!

e^ϕ Γ^{pqrst}Γ_mF^′_{pqrst}(iσ^2)ϵ δϕ = ϵ̄λ δC = e^{−ϕ} ϵ̄σ^1λ δe_m^a = ϵ̄Γ^aψ_m δB_{mn} = ϵ̄σ^3 (Γ_mψ_n − Γ_nψ_m) δC_{mn} = e^{−ϕ} ϵ̄σ^1 � Γ_{mn}λ − 2Γ_{[m}ψ_{n]} � + CδB_{mn} δC_{mnpq} = e^{−ϕ} ϵ̄(iσ^2) � Γ_{mnpq}λ − 4Γ_{[mnp}ψ_{q]} � + 6C_{[mn}δB_{pq]} . (A.2)

Here F^′_3 and F^′_5 are the gauge invariant RR field strengths

F^′_3 = dC_2 − CH_3 , F^′_5 = dC_4 − C_2 ∧ H_3 . (A.3)

Using these supersymmetry transformations, in the following sections we will compute the the expansion of the superfields Ĉ_{MN} , Ĉ_{MNP Q} and ê^A_M , up to O(θ^2), in terms of the component fields.

A.2 Calculation for Ĉ_{MN}

Following similar steps for the calculation of B̂_{MN} in section 2.2, here we will carry out the expansion of Ĉ_{MN} to O(θ^2). For this purpose, we must supply the superspace gauge transformation Σ^{(c)}_M to O(θ), in addition to the super diffeomorphism (2.13).

Let us first evaluate the commutator of two supersymmetry transformations (with parameters ϵ^1, ϵ^2) on the field C_{mn}. Using eq. (A.2) for the supersymmetry transformation of C_{mn} we find that

δ_1δ_2C_{mn} = e^{−ϕ} ϵ̄_2 � Γ_{mn}δ_1λ − 2Γ_{[m}δ_1ψ_{n]} � + Cδ_1δ_2B_{mn} . (A.4)

Using eq. (A.2) once more, it is straightforward to see that the commutator can be expressed as a diffeomorphism (with the parameter ξ^m as given by eq. (2.13)), and a gauge transformation ξ^{(c)}_m . In other words

(δ_1δ_2 − δ_2δ_1)C_{mn} = ξ^p∂_pC_{mn} + ∂_mξ^pC_{pn} − ∂_nξ^pC_{pm} + ∂_mξ^{(c)}_n − ∂_nξ^{(c)}_m , (A.5)

with the gauge transformation parameter

ξ^{(c)}_m = ξ^nC_{mn} + e^{−ϕ} ϵ̄_2σ^1Γ_mϵ_1 − Cϵ̄_2σ^3Γ_mϵ_1 . (A.6)

10Note that here our normalization for λ is different from ref. [34].

– 21 –

In order to find the gauge transformation parameter, we have to compare eq. (A.5) with the commutator derived in the superspace formalism. It is easy to see that

(δ_1δ_2 − δ_2δ_1)Ĉ_{MN} = � ∂_M Σ^{12(c)}_N − (−1)^{MN} ∂_N Σ^{12(c)}_N � + · · · , (A.7)

where the dots denote terms arising due to superdiffeomorphism. The superspace gauge transformation parameter Σ^{12(c)}_M is given by

Σ^{12(c)}_M = � Σ^P_2 ∂_P Σ^{1(c)}_M + ∂_M Σ^P_2 Σ^{1(c)}_P � − (1 ↔ 2) . (A.8)

The commutator on component field C_{mn} will agree with the commutator on the superfield Ĉ_{mn} if the gauge transformation parameter Σ^{(c)}_m takes the value

Σ^{(c)}_m = 1 2 θ̄Γ^nϵC_{mn} + 1 2 θ̄ � e^{−ϕ} σ^1 − Cσ^3 � Γ_mϵ . (A.9)

The component fields C_{mμ} and C_{μν} are both zero to leading order and hence the commutator of the two susy on them also vanishes. From this it is easy to see that the component Σ^{(c)}_μ vanishes for the case when the the space time fermion backgrounds are set to zero.

Now let us compute the first order expansion for Ĉ_{mn}. Comparing the susy transformation for C_{mn} from eq. (A.2) with the superfield result δĈ_{mn} = ϵ^α ∂_α Ĉ_{mn}, we find

Ĉ_{mn} = C_{mn} + e^{−ϕ} θ̄σ^1 �Γ_{mn}λ − 2Γ_{[m}ψ_{n]}� + 2Cθ̄Γ_{[m}ψ_{n]} . (A.10)

The expression for Ĉ_{mμ} can similarly be derived. Using the expression for the gauge transformation (A.9) the superspace variation for Ĉ_{mμ} can be written as

δĈ_{mμ} = ϵ^α ∂_α Ĉ_{mμ} − 1 2 e^{−ϕ} � ϵ̄σ^1Γ_m � μ + 1 2 C � ϵ̄σ^3Γ_m � μ . (A.11)

Since the component field susy transformation δC_{mμ} = 0, the r.h.s. of eq. (A.11) has to be equated to zero. This gives the expression

Ĉ_{mμ} = 1 2 e^{−ϕ} �¯ θσ^1Γ_m � μ − 1 2 C �¯ θσ^3Γ_m � μ . (A.12)

With the help of this equation and the gauge transformation (A.9), we can write down the variation of the superfield Ĉ_{mn} up to O(θ).

δĈ_{mn} = ϵ^α ∂_α Ĉ_{mn} − 2 θ̄ � e^{−ϕ} σ^1 − Cσ^3 � Γ_{[m}∂_{n]}ϵ + θ̄ � e^{−ϕ} σ^1 − Cσ^3 � Γ^aϵ∂_{[m}e_{n]a}− − 1 2 ϵ̄Γ^qθF_{qmn} + � e^{−ϕ} ϵ̄σ^1Γ_{[m}θ∂_{n]}ϕ +ϵ̄σ^3Γ_{[m}θ∂_{n]}C � . (A.13)

On the other hand, we can use eq. (A.10) for Ĉ_{mn} to arrive at

δĈ_{mn} = δC_{mn} + e^{−ϕ} θ̄σ^1 � Γ_{mn}δλ − 2Γ_{[m}δψ_{n]} � + 2Cθ̄Γ_{[m}δψ_{n]} . (A.14)

These two variations must be the same. When we plug in the susy transformations for ψ_m and λ from eq. (A.2), we find that they will match up only when Ĉ_{mn} has the following expression to second order in θ:

Ĉ_{mn} = C_{mn} + e^{−ϕ} θ̄σ^1 �Γ_{mn}λ − 2Γ_{[m}ψ_{n]}� + 2Cθ̄Γ_{[m}ψ_{n]} + 1 4 e^{−ϕ} θ̄σ^1Γ_{mnp}θ∂^pϕ+

– 22 –

+ 1 8 θ̄ � e^{−ϕ} σ^1 − Cσ^3 � � Γ_m^{ab}ω_{nab} − Γ_n^{ab}ω_{mab} � θ + 1 8 θ̄ � σ^3 − e^ϕ Cσ^1 � Γ_{mnp}θF^p+ + 1 8 e^{−ϕ} θ̄(iσ^2)Γ^pθH_{mnp} + 1 48 e^{−ϕ} θ̄(iσ^2)Γ_{mn}^{pqr}θH_{pqr} − 1 8 Cθ̄Γ_{[m}^{pq}H_{n]pq}θ− − 1 8 θ̄Γ_{[m}^{pq}F^′_{n]pq}θ − 1 8 Ce^ϕ θ̄(iσ^2)Γ^pθF^′_{mnp} − 1 48 Ce^ϕ θ̄(iσ^2)Γ_{mn}^{pqr}θF^′_{pqr}− − 1 16 · 5! θ̄ � σ^3 + Ce^ϕ σ^1 � � Γ_{mn}^{pqrst}F^′_{pqrst} + 20Γ^{pqr}F^′_{mnpqr} � θ . (A.15)

A.3 Calculation for Ĉ_{MNP Q}

Let us now turn to Ĉ_{MNP Q}. The calculation is pretty much the same as the previous ones for B̂_{MN} and Ĉ_{MN} . We will first evaluate the gauge transformation parameter Σ_{MNP} from the commutator of two susy transformation on the component field C_4 and then use this information to derive the O(θ^2) expression for the superfield Ĉ_4. From eq. (A.2) we find

δ_1δ_2C_{mnpq} = e^{−ϕ} ϵ̄_2(iσ^2) � Γ_{mnpq}δ_1λ − 4Γ_{[mnp}δ_1ψ_{q]} � + 12ϵ̄_2σ^3C_{[mn}Γ_pδ_1ψ_{q]} . (A.16)

After some straightforward calculation, the commutator of two susy transformations can be written as

(δ_1δ_2 − δ_2δ_1)C_{mnpq} = ϵ̄_2 � − 4e^{−ϕ} (iσ^2)∂_{[m}ϕΓ_{npq]} + Γ^aF^′_{amnpq} + 4σ^3Γ_{[m}F^′_{npq]} +

+ 4σ^1Γ_{[m}H_{npq]} + 6C_{[mn}Γ^aH_{pq]a} � ϵ_1 . (A.17)

This is equal to a diffeomorphism with diffeomorphism parameter ξ^m as given in eq. (2.11), and a gauge transformation dξ_3 + d(H_3 ∧ ξ^{(c)}) ,

with the gauge transformation parameter ξ_3 having the expression

ξ_{mnp} = ξ^qC_{mnpq} + e^{−ϕ} ϵ̄_2(iσ^2)Γ_{mnp}ϵ_1 − 3C_{[mn}ϵ̄_2σ^3Γ_{p]}ϵ_1 . (A.18)

Now we can evaluate the commutator on the super field Ĉ_4,

(δ_1δ_2 − δ_2δ_1)Ĉ_4 = d � Σ^{12}_3 � + · · · . (A.19)

Here again the dots denote the superdiffeomorphisms. The gauge transformation parameter Σ^{12}_3 can be written in terms of components as

Σ^{12}_{MNP} = � Σ^Q_2 ∂_QΣ_{1MNP} + 3∂_{[M} Σ^Q_2 Σ_{1NP ]Q} � − (1 ↔ 2) � . (A.20)

Comparing the two commutators we can easily solve for the gauge transformation parameter Σ_{mnp} to obtain

Σ_{mnp} = 1 2 θ̄Γ^qϵC_{mnpq} + 1 2 e^{−ϕ} θ̄(iσ^2)Γ_{mnp}ϵ − 3 2 C_{[mn}θ̄σ^3Γ_{p]}ϵ . (A.21)

All the remaining components of Σ_{MNP} will be zero.

– 23 –

We now need to evaluate the expressions for Ĉ_{mnpq} and Ĉ_{μmnp} to O(θ). It is easy to see that the variation δĈ_{mnpq} = ϵ^α ∂_α Ĉ_{mnpq}, and the susy transformation for C_{mnpq} from eq. (A.2) gives

Ĉ_{mnpq} = C_{mnpq} + e^{−ϕ} θ̄(iσ^2) �Γ_{mnpq}λ − 4Γ_{[mnp}ψ_{q]}� + 12θ̄σ^3C_{[mn}Γ_pψ_{q]} . (A.22)

Using the expression for the gauge transformation (A.21), we can obtain the variation δĈ_{μmnp} . Since C_{μmnp} vanishes to leading order, this variation has to be set to zero. As a result, we get

Ĉ_{μmnp} = − 1 2 e^{−ϕ} �¯ θ(iσ^2)Γ_{mnp} � μ + 3 2 � C_{[mn}θ̄σ^3Γ_{p]} � μ . (A.23)

It is easy to see that all the remaining components of Ĉ_{MNP Q} vanishes. Now we are ready to execute the second order results.Using the above expression for Ĉ_{μmnp} and the expression for the gauge transformation parameter from eq. (A.21) we find the variation of Ĉ_{mnpq} to be of the form

δĈ_{mnpq} = ϵ^α ∂_α Ĉ_{mnpq} + 1 2 θ̄Γ^aϵF_{amnpq} − 4H_{[mnp}Σ^{(c)}_{q]} + 4∂_{[m}ϵ^α Ĉ_{αnpq]} +

+2∂_{[m} � e^{−ϕ} θ̄(iσ^2)Γ_{npq]}ϵ � − 6∂_{[m} � C_{np}θ̄σ^3Γ_{q]}ϵ � . (A.24)

After substituting the expression for Σ^{(c)}_m and making some rearrangement we get

δĈ_{mnpq} = ϵ^α ∂_α Ĉ_{mnpq} + 1 2 θ̄Γ^aϵ(F_{amnpq} − 4H_{[mnp}C_{q]a}) +

+2θ̄e^{−ϕ} σ^1Γ_{[m}ϵH_{npq]} + 4∂_{[m}ϵ^α Ĉ_{αnpq]} +

+2θ̄ � ∂_{[m} � e^{−ϕ} (iσ^2)Γ_{npq]}ϵ � − 3C_{[np}∂_m � σ^3Γ_{q]}ϵ � − F^′_{[mnp}σ^3Γ_{q]}ϵ � . (A.25)

We can also obtain the variation from eq. (A.22) for the expansion of Ĉ_{mnpq} to O(θ):

δĈ_{mnpq} = δC_{mnpq} + e^{−ϕ} θ̄(iσ^2) � Γ_{mnpq}δλ − 3Γ_{[mnp}δψ_{q]} � + 12θ̄σ^3C_{[mn}Γ_pδψ_{q]} . (A.26)

These two expressions must agree. This can be used to solve for Ĉ_{mnpq} to second order in θ to obtain

Ĉ_{mnpq} = C_{mnpq} + e^{−ϕ} θ̄(iσ^2) �Γ_{mnpq}λ − 4Γ_{[mnp}ψ_{q]}� + 12θ̄σ^3C_{[mn}Γ_pψ_{q]}+ + 1 2 e^{−ϕ} θ̄(iσ^2)Γ_{ab[mnp}ω_{q]}^{ab}θ + 3e^{−ϕ} θ̄(iσ^2)Γ_{[p}ω_{qmn]}θ + 1 4 e^{−ϕ} θ̄(iσ^2)Γ_{mnpq}^s∂_sϕθ+ + 1 48 e^{−ϕ} θ̄σ^1Γ_{mnpq}^{stu}H_{stu}θ + 1 48 θ̄σ^3Γ_{mnpq}^{stu}F^′_{stu}θ + 1 2 θ̄Γ_{[mnp}F_{q]}θ+ + 3 4 θ̄σ^3Γ_{[mn}^sF^′_{pq]s}θ + 3 4 e^{−ϕ} θ̄σ^1Γ_{[mn}^sH_{pq]s}θ − 1 96 θ̄Γ_{[mnp}^{stuv}F^′_{q]stuv}θ− − 1 8 θ̄Γ_{[m}^{st}F^′_{npq]st}θ − 3 2 θ̄σ^3C_{[mn}Γ_p^{ab}ω_{q]ab}θ − − 3 4 e^ϕ C_{[mn}θ̄ � σ^1Γ_{pq]}^sF_s + e^{−ϕ} Γ_p^{st}H_{q]st} + iσ^2 � Γ^sF^′_{pq]s} + 1 6 Γ_{pq]}^{stu}F^′_{stu} � + + 1 12 σ^1 � Γ^{stu}F^′_{pq]stu} + 1 20 Γ_{pq]}^{stuvw}F^′_{stuvw} � θ . (A.27)

– 24 –

A.4 The supervierbein Finally we come to the computation of the vierbeins. A similar calculation can be performed in this case also. Note that in addition to the superdiffeomorphism, here we have to consider the (super) local Lorentz transformation (2.3). Let us first compute vierbeins to O(θ). Equating δê^a_m = ϵ^α ∂_α ê^a_m with δe_m^a =ϵ̄Γ^aψ_m we find

ê^a_m = e_m^a + θ̄Γ^aψ_m . (A.28)

Similarly we can compute ê^a_μ to O(θ). using the value of Σ^m from eq. (2.13) we find,

ê^a_μ = − 1 2 �¯ θΓ^a � μ . (A.29)

To obtain the Lorentz transformation parameter to O(θ), we need to compute the commutator of two supersymmetry transformations on the vierbein e_m^a. This can be easily computed using the susy transformations (A.2). After some simplification, we get

(δ_2δ_1 − δ_1δ_2) e_m^a = (ϵ̄_1Γ^a∂_mϵ_2 −ϵ̄_2Γ^a∂_mϵ_1) −ϵ̄_1Γ_bϵ_2ω_m^{ab} + 1 4 e^ϕϵ̄_1Γ^{ap}_m(iσ^2)ϵ_2F_p− − 1 2 ϵ̄_1Γ_qσ^3ϵ_2H_m^{aq} + 1 24 e^ϕϵ̄_1Γ^{apqr}_mσ^1ϵ_2F^′_{pqr} + 1 4 e^ϕϵ̄_1Γ_qσ^1ϵ_2F^′_m^{aq}+ + 1 8 · 5!

e^ϕϵ̄_1Γ^{apqrst}_m(iσ^2)F^′_{pqrst}ϵ_2 + 1 48 e^ϕϵ̄_1Γ^{pqr}(iσ^2)ϵ_2F^′_{mapqr} . (A.30)

The above equation can be written in the following simple form

(δ_1δ_2 − δ_2δ_1) e_m^a = ξ^n∂_ne_m^a + (∂_mξ^n)e_n^a + λ^{ab}e_{mb} , (A.31)

provided the translation parameter ξ^n is given in eq. (2.11), and the rotation parameter λ^{ab} has the expression

λ^{ab} = −ξ^nω_n^{ab} + 1 2 ϵ̄_2Γ_pσ^3ϵ_1H^{abp} − − 1 4 e^ϕϵ̄_2 � Γ^{abp}(iσ^2)F_p + 1 6 Γ^{abpqr}σ^1F^′_{pqr} + Γ_pσ^1F^{′abp} + + 1 2 · 5!

Γ^{abpqrst}(iσ^2)F^′_{pqrst} + 1 12 Γ_{pqr}(iσ^2)F^{′abpqr} � ϵ_1 . (A.32)

In deriving (A.31) we have used the following identity obeyed by the spin connection and the vierbein

e_{nb}ω_m^{ab} = e_{mb}ω_n^{ab} + (∂_me_n^a − ∂_ne_m^a) . (A.33)

On the other hand, one can apply the commutator directly on the super vierbein as given in eq. (A.28). This will be consistent with eq. (A.31) if the parameter Λ^{ab} takes the form

Λ^{ab}(ϵ) = − 1 2 θ̄Γ^nϵω_n^{ab} + 1 4 θ̄Γ_pσ^3ϵH^{abp} − − 1 8 e^ϕ θ̄ � Γ^{abp}(iσ^2)F_p + 1 6 Γ^{abpqr}σ^1F^′_{pqr} + Γ_pσ^1F^{′abp} + + 1 2 · 5!

e^ϕ Γ^{abpqrst}(iσ^2)F^′_{pqrst} + 1 12 Γ_{pqr}(iσ^2)F^{′abpqr} � ϵ . (A.34)

– 25 –

Now we are ready to compute the O(θ^2) part of the super vierbein. Consider the variation

δê^a_m = Σ^P ∂_P ê^a_m + ∂_mΣ^P ê^a_P + Λ^{aP} ê_{mP} = ϵ^α ∂_α ê^a_m + 1 2 θ̄Γ^nϵ (∂_nê^a_m − ∂_mê^a_n) + θ̄Γ^a∂_mϵ + Λ^{ab}ê_{mb} . (A.35)

It should be equated with the variation coming from eq. (A.28),

δê^a_m = δe_m^a + θ̄Γ^aδψ_m , (A.36)

from which it follows that

ϵ^α ∂_α ê^a_m = θ̄Γ^aδψ^′_m − Λ^{ab}e_{mb} − 1 2 θ̄Γ^nϵ (∂_ne_m^a − ∂_me_n^a) . (A.37)

Here the prime indicates the absence of ∂_mϵ from susy variation of the gravitino. Again using the formula for the supersymmetry transformations (A.2), the above expression can easily be integrated. The super vierbein, up to O(θ^2), takes the form

ê^a_m = e_m^a + θ̄Γ^aψ_m − 1 8 ω_{mcd}θ̄Γ^{acd}θ + 1 16 e^ϕ θ̄(iσ^2) (Γ_mF^a + Γ^aF_m − δ^a_mΓ^pF_p) θ− − 1 16 θ̄Γ^{apq}σ^3θH_{mpq} + 1 32 e^ϕ θ̄ � Γ^{apq}F^′_{mpq} + Γ_{mpq}F^{′apq} � σ^1θ+ + 1 32 · 4!

e^ϕ θ̄ � Γ^{apqrs}F^′_{mpqrs} + Γ_{mpqrs}F^{′apqrs} � (iσ^2)θ . (A.38)

A.5 T-duality

It is in fact possible to obtain the D3 brane action, starting with D0 brane action and performing three T-dualities (say, along x, y, z). For simplicity, we assume the metric to be diagonal along the directions on which we perform T-duality. Also we set B_{xi} = g_{xi} = 0 (and similar relations for y and z directions). Here we summarize the rules for T-duality along the direction x. See [35 – 37, 10, 11, 38] for the T-duality rules in presence of more general background.

g_{xx} = 1 j_{xx} gˇ_iˇ_j = jˇ_iˇ_j

e^{2ϕ} = e^{2φ} j_{xx} H = H F^′_{n(x)} = F^′_{(n−1)} F^′_n = F^′_{(n+1)(x)} γ^x = γ_x γ^ǐ = γ^ǐ . (A.39)

Here we follow the notations of ref. [38]. In particular, F^′_n are gauge invariant RR field strengths and also F_{n(x)} denotes an (n − 1) form whose components are given by � F_{n(x)} � i_1···i_{n−1} = [Fn]xi1···in−1 . (A.40)

– 26 –

A.6 The mass matrix

In this section we will evaluate the fermion bilinear term due to the three form flux when the three brane wraps a divisor of T^6. Here we will use the coordinates {x^j , y^j }, j = 1, . . . , 3 to parametrize the spatial directions of the torus and {x̂^j , ŷ^j} for the corresponding tangent space indices. Now consider the relevant part of the action as given in eq. (5.5):

S(Θ^2) = −μ_3 � d^4ζe^{−ϕ} � det gΘ^T Γ^0 � 1 48 Γ^{mnp}H_{mnp} − 1 16 Γ^{ĩpq}H_{ĩpq} � Θ+ + μ_3 32 � d^4ζ � det gϵ^{ĩj̃k̃l̃}Θ^T Γ^0 � 1 36 Γ_{ĩj̃k̃l̃}^{pqr}F^′_{pqr} + Γ_{ĩj̃}^pF^′_{k̃l̃p} � Θ . (A.41)

Here note that the first term in the second line vanishes for the case when the flux is turned on only along the compact directions. As a result we get

S(Θ^2) = μ_3 16 � d^4ζ � det gΘ^T Γ^0 � e^{−ϕ} � Γ^{ĩpq}H_{ĩpq} − 1 3 Γ^{mnp}H_{mnp} � + 1 2 ϵ^{ĩj̃k̃l̃}Γ_{ĩj̃}^pF^′_{k̃l̃p} � Θ . (A.42) In the following we will first consider the case when the three brane wraps the divisor Z^3 = constant and concentrate ourselves to the choice of flux as given by eq. (5.3). The above action can be rewritten as

S(Θ^2) = μ_3 16 � d^4ζ � det g Θ^T Γ^0MΘ , (A.43)

with the matrix M defined to be M = � e^{−ϕ} Γ^{ĩj̃p}H_{ĩj̃p} + 1 2 ϵ^{ĩj̃k̃l̃}Γ_{ĩj̃}^pF^′_{k̃l̃p} � . (A.44)

The index p now take value only along directions orthogonal to the divisor.

It is convenient to choose a basis, where the components of Θ are labelled as |ϵ_1, ϵ_2, ϵ_3, a⟩, where ϵ_j = ±1, j = 1, . . . , 3 refer to (−i times) the eigen values of Γ^{x̂jŷj} respectively.^{11} The label a = ±1 refers to the SO(4) subgroup of the rotation group SO(10). Before proceeding, let us note here that from the commutation relations for the Γ matrices it follows that Γ^{ŷ1ŷ2ŷ3} squares to −1 and as a result, Γ^{ŷ1ŷ2ŷ3} |ϵ_1, ϵ_2, ϵ_3, a⟩ can never vanish.

We will now evaluate the matrix, M, eq. (A.44), in this basis. We start with the first term, e^{−ϕ} Γ^{ijp}H_{ijp} which arises from the DBI term. From eq. (5.3) it is easy to see that it takes the form,

M_{DBI} = e^{−ϕ} � Γ^{x1x2x3} − 2Γ^{y1y2y3} − (Γ^{x2x3y1} + Γ^{x3x1y2} + Γ^{x1x2y3} ) +

+ (Γ^{y2y3x1} + Γ^{y3y1x2} + Γ^{y1y2x3} ) � . (A.45)

Here we note that the indices refer to the coordinate basis, which is different from the vierbein basis.

11Here and in the following, the repeated index j in Γ^{x̂j ŷj} as well as in � Γ^{xj} Γ^{yj} � does not indicate a summation over j.

– 27 –

The metric, with r_a in eq. (5.6) set to unity takes the form

ds^2 = � i |dx^i + τdy^i|^2 (A.46)

where τ = e^{2πi}3 . A convenient choice of vierbeins is then

e^{x̂1}_x1 = 1 , e^{ŷ1}_{x1} = 0 , e^{x̂1}_y1 = cos � 2π 3 � , e^{ŷ1}_{y1} = sin � 2π 3 � . (A.47)

The Γ matrices in the vierbein basis and the coordinate basis are related to each other by

Γ^{xi} = Γ^{x̂i} − cot � 2π 3 � Γ^{ŷi} , Γ^{yi} = cosec � 2π 3 � Γ^{ŷi} ,

Γ_xi = Γ^{x̂i} , Γ_yi = cos � 2π 3 � Γ^{x̂i} + sin � 2π 3 � Γ^{ŷi} . (A.48)

In particular one finds that (Γ^{yi} )^2 = cosec^2(^{2π}_3 ) =^4_3 . After some more algebra we can then write M_{DBI} as,

M_{DBI} = e^{−ϕ} � 3 4 �_3 Γ^{x1} Γ^{y1} Γ^{x2} Γ^{y2} Γ^{x3} Γ^{y3} − − � 3 4 �_2 �

Γ^{x2} Γ^{y2} Γ^{x3} Γ^{y3} + Γ^{x1} Γ^{y1} Γ^{x2} Γ^{y2} Γ^{x1} Γ^{y1} Γ^{x3} Γ^{y3} � + + 3 4 � Γ^{x1} Γ^{y1} + Γ^{x2} Γ^{y2} + Γ^{x3} Γ^{y3} � − 2 � Γ^{y1} Γ^{y2} Γ^{y3} . (A.49)

From eq. (A.48) we get that � Γ^{xi} Γ^{yi} � |ϵ_1, ϵ_2, ϵ_3, a⟩ = cosec � 2π 3 � � Γ^{x̂iŷi} − cot � 2π 3 � |ϵ_1, ϵ_2, ϵ_3, a⟩

= cosec^2 � 2π 3 � e^{iπ3 ϵi} |ϵ_1, ϵ_2, ϵ_3, a⟩ . (A.50)

It then follows that M_{DBI} acting on the state |ϵ_1, ϵ_2, ϵ_3, a⟩ is

M_{DBI} |ϵ_1, ϵ_2, ϵ_3, a⟩ = � 4 3 � M Γ^{ŷ1ŷ2ŷ3} |ϵ_1, ϵ_2, ϵ_3, a⟩ (A.51)

where, M = � e^{− iπ3 (ϵ1+ϵ2+ϵ3)} − 2 − e^{− iπ3 (ϵ1+ϵ2)} − e^{− iπ3 (ϵ2+ϵ3)} − e^{− iπ3 (ϵ3+ϵ1)} +

+ e^{− iπ3 ϵ1} + e^{− iπ3 ϵ2} + e^{− iπ3 ϵ3} � . (A.52)

Similarly we can evaluate the second term in eq. (A.44) which arises due to the WZ terms, M_{W Z} = 1 2 ϵ^{ĩj̃k̃l̃}Γ^p_{ĩj̃} (F_{k̃l̃p} − CH_{k̃l̃p}) . (A.53)

– 28 –

Here p takes values only over directions orthogonal to the divisor. It is easy to see that with an appropriate choice of orientation for the divisor,^{12} 1 2 ϵ^{ĩj̃k̃l̃}Γ_{ĩj̃} |ϵ_1, ϵ_2, ϵ_3, a⟩ = ϵ_1ϵ_2Γ^{k̃l̃}|ϵ_1, ϵ_2, ϵ_3, a⟩ . (A.54)

Thus, M_{W Z} |ϵ_1, ϵ_2, ϵ_3, a⟩ = ϵ_1ϵ_2Γ^{k̃l̃p}(F_{k̃l̃p} − CH_{k̃l̃p})|ϵ_1, ϵ_2, ϵ_3, a⟩ . (A.55)

A little more algebra then shows that this can be written as,

M_{W Z} |ϵ_1, ϵ_2, ϵ_3, a⟩ = 4 3 √ 3 ϵ_1ϵ_2{M + 1 + e^{− iπ3 (ϵ1+ϵ2+ϵ3)}}Γ^{ŷ1ŷ2ŷ3} |ϵ_1, ϵ_2, ϵ_3, a⟩ (A.56)

Adding, eq. (A.51), eq. (A.56) we finally get that M acting on |ϵ_1, ϵ_2, ϵ_3, a⟩ is given by, eq. (5.9).

As discussed above Γ^{ŷ1ŷ2ŷ3} |ϵ_1, ϵ_2, ϵ_3, a⟩ cannot vanish. Thus the zero modes of M can only arise if m, eq. (5.10) vanishes. A quick inspection shows that this happens when (ϵ_1, ϵ_2, ϵ_3) all becomes either 1 or −1. Thus these values of (ϵ_1, ϵ_2, ϵ_3) give rise to zero modes. Also m does not vanish for any other choice of (ϵ_1, ϵ_2, ϵ_3). Therefore there are no other zero modes. Finally, one also finds that the two states |ϵ_1, ϵ_2, ϵ_3, a⟩ and |ϵ_1, ϵ_2, −ϵ_3, a⟩, which are related by U(1) rotations in the x^3 − y^3 plane, have a different mass in general. This is to be expected since the U(1) symmetry is broken by the flux as discussed in section 5.

Let us also now briefly discuss the case of the more general divisor n_iZ^i = c. By relabelling the Z^i coordinates if necessary we can always take n^3 ≠ 0. In this case it is useful to choose coordinates, ψ^1, ψ^2, ψ^3 which are related to the coordinates Z^i as follows:

Z^1 = n_1ψ^3 + n_3ψ^1 Z^2 = n_2ψ^3 + n_3ψ^2 Z^3 = −n_1ψ^1 − n_2ψ^2 + n_3ψ^3 . (A.57)

ψ^1, ψ^2 are parallel to the divisor and ψ^3 is orthogonal to it. The divisor in these coordinates can be written as ψ^3 = constant. The flux G = F − ΦH can be expressed as

G = const(dψ^1 ∧ dψ^2 ∧ dψ̄^3 + dψ^2 ∧ dψ^3 ∧ dψ̄^1 + dψ^3 ∧ dψ^1 ∧ dψ̄^2) . (A.58)

Upto a constant this is exactly the form of G in the Z^i coordinates. A further change of variables,

ψ̃^1 = � n^2_3 + n^2_1ψ^1 + � n^2_3 + n^2ψ^2 ψ̃^2 = � n^2_3 + n^2_1ψ^1 − � n^2_3 + n^2ψ^2 ψ̃^3 = ψ^3 , (A.59)

12An opposite choice of orientation corresponds to a negative sign on the r.h.s below. This still gives the same number of zero modes.

– 29 – preserves the form of G, eq. (A.58). It also allows the metric to be written in diagonal form as, ds^2 = � i r^2_i |dψ̃^i|^2 . (A.60)

This is the same as the metric in the Z^i coordinates we considered eq. (5.6). Thus the analysis for the general divisor maps after a change of coordinates to the case Z^3 = c. And we learn that for a general divisor also there are four fermion zero modes.

References

[1] S. Kachru, R. Kallosh, A. Linde and S.P. Trivedi, De Sitter vacua in string theory, Phys.

Rev. D 68 (2003) 046005 [hep-th/0301240].

[2] F. Denef, M.R. Douglas and B. Florea, Building a better racetrack, JHEP 06 (2004) 034 [hep-th/0404257].

[3] E. Witten, Non-perturbative superpotentials in string theory, Nucl. Phys. B 474 (1996) 343 [hep-th/9604030].

[4] L. Görlich, S. Kachru, P.K. Tripathy and S.P. Trivedi, Gaugino condensation and nonperturbative superpotentials in flux compactifications, hep-th/0407130.

[5] E. Cremmer and S. Ferrara, Formulation of eleven-dimensional supergravity in superspace, Phys. Lett. B 91 (1980) 61.

[6] B. de Wit, K. Peeters and J. Plefka, Superspace geometry for supermembrane backgrounds, Nucl. Phys. B 532 (1998) 99 [hep-th/9803209].

[7] M. Grana, D3-brane action in a supergravity background: the fermionic story, Phys. Rev. D 66 (2002) 045014 [hep-th/0202118].

[8] K. Millar, W. Taylor and M. Van Raamsdonk, D-particle polarizations with multipole moments of higher- dimensional branes, hep-th/0007157.

[9] R. Kallosh and D. Sorokin, Dirac action on M5 and M2 branes with bulk fluxes, JHEP 05 (2005) 005 [hep-th/0501081].

[10] D. Marolf, L. Martucci and P.J. Silva, Fermions, T-duality and effective actions for D-branes in bosonic backgrounds, JHEP 04 (2003) 051 [hep-th/0303209].

[11] D. Marolf, L. Martucci and P.J. Silva, Actions and fermionic symmetries for D-branes in bosonic backgrounds, JHEP 07 (2003) 019 [hep-th/0306066].

[12] M. Cederwall, A. von Gussich, B.E.W. Nilsson and A. Westerberg, The dirichlet super-three-brane in ten-dimensional type-IIB supergravity, Nucl. Phys. B 490 (1997) 163 [hep-th/9610148].

[13] M. Cederwall, A. von Gussich, B.E.W. Nilsson, P. Sundell and A. Westerberg, The dirichlet super-p-branes in ten-dimensional type-IIA and IIB supergravity, Nucl. Phys. B 490 (1997) 179 [hep-th/9611159].

[14] M. Aganagic, C. Popescu and J.H. Schwarz, D-brane actions with local kappa symmetry, Phys. Lett. B 393 (1997) 311 [hep-th/9610249].

[15] M. Aganagic, C. Popescu and J.H. Schwarz, Gauge-invariant and gauge-fixed D-brane actions, Nucl. Phys. B 495 (1997) 99 [hep-th/9612080].

– 30 –

[16] E. Bergshoeff and P.K. Townsend, Super D-branes, Nucl. Phys. B 490 (1997) 145 [hep-th/9611173].

[17] M.B. Green, J.H. Schwarz and E. Witten, Superstring Theory, vol. II, Cambridge University Press, Cambridge 1987.

[18] J.H. Schwarz, Covariant field equations of chiral N = 2 D = 10 supergravity, Nucl. Phys. B 226 (1983) 269.

[19] P.S. Howe and P.C. West, The complete N = 2, D = 10 supergravity, Nucl. Phys. B 238 (1984) 181.

[20] D. Lüst, P. Mayr, S. Reffert and S. Stieberger, F-theory flux, destabilization of orientifolds and soft terms on d7-branes, hep-th/0501139.

[21] D. Lüst, S. Reffert and S. Stieberger, MSSM with soft SUSY breaking terms from D7-branes with fluxes, hep-th/0410074.

[22] P.G. Camara, L.E. Ibáñez and A.M. Uranga, Flux-induced SUSY-breaking soft terms on D7-D3 brane systems, Nucl. Phys. B 708 (2005) 268 [hep-th/0408036].

[23] J.F.G. Cascales and A.M. Uranga, Branes on generalized calibrated submanifolds, JHEP 11 (2004) 083 [hep-th/0407132].

[24] A. Lawrence and J. McGreevy, Local string models of soft supersymmetry breaking, JHEP 06 (2004) 007 [hep-th/0401034].

[25] A. Font and L.E. Ibáñez, SUSY-breaking soft terms in a MSSM magnetized D7-brane model, JHEP 03 (2005) 040 [hep-th/0412150].

[26] F. Marchesano, G. Shiu and L.-T. Wang, Model building and phenomenology of flux-induced supersymmetry breaking on D3-branes, Nucl. Phys. B 712 (2005) 20 [hep-th/0411080].

[27] M. Grana, T.W. Grimm, H. Jockers and J. Louis, Soft supersymmetry breaking in Calabi-Yau orientifolds with D-branes and fluxes, Nucl. Phys. B 690 (2004) 21 [hep-th/0312232].

[28] S.B. Giddings, S. Kachru and J. Polchinski, Hierarchies from fluxes in string compactifications, Phys. Rev. D 66 (2002) 106006 [hep-th/0105097].

[29] I. Affleck, J.A. Harvey and E. Witten, Instantons and (super)symmetry breaking in (2+1)-dimensions, Nucl. Phys. B 206 (1982) 413.

[30] S. Kachru, M.B. Schulz and S. Trivedi, Moduli stabilization from fluxes in a simple IIB orientifold, JHEP 10 (2003) 007 [hep-th/0201028].

[31] A.R. Frey and J. Polchinski, N = 3 warped compactifications, Phys. Rev. D 65 (2002) 126009 [hep-th/0201029].

[32] S. Gukov, C. Vafa and E. Witten, CFT’s from Calabi-Yau four-folds, Nucl. Phys. B 584 (2000) 69 [hep-th/9906070].

[33] M.B. Green, J.H. Schwarz and E. Witten, Superstring theory, vol. I, Cambridge University Press, Cambridge 1987.

[34] E. Bergshoeff, M. de Roo, B. Janssen and T. Ortin, The super D9-brane and its truncations, Nucl. Phys. B 550 (1999) 289 [hep-th/9901055].

[35] P. Meessen and T. Ortin, An SL(2, Z) multiplet of nine-dimensional type-II supergravity theories, Nucl. Phys. B 541 (1999) 195 [hep-th/9806120].

– 31 –

[36] E. Bergshoeff, C.M. Hull and T. Ortin, Duality in the type-II superstring effective action, Nucl. Phys. B 451 (1995) 547 [hep-th/9504081].

[37] S.F. Hassan, T-duality, space-time spinors and RR fields in curved backgrounds, Nucl. Phys.

B 568 (2000) 145 [hep-th/9907152].

[38] S. Kachru, M.B. Schulz, P.K. Tripathy and S.P. Trivedi, New supersymmetric string compactifications, JHEP 03 (2003) 061 [hep-th/0211182].

– 32 –